The Brownian motion of a particle in a one-dimensional periodic potential subjected to a uniform external force F is studied. Using the formula for the diffusion coefficient D obtained by other authors and an alternative one derived from the Fokker-Planck equation in the present work, D is compared with the differential mobility µ = dv/dF where v is the average velocity of the particle. Analytical and numerical calculations indicate that inequality D ≥ µk B T , with k B the Boltzmann constant and T the temperature, holds if the periodic potential is symmetric, while it is violated for asymmetric potentials when F is small but nonzero.
Introduction
The response of a system in thermal equilibrium to an external disturbance has close relation to fluctuations produced spontaneously in the system in the absence the disturbance.
This relation can be formulated as the fluctuation-dissipation theorem. 1, 2 The Einstein relation D = µ 0 k B T is a famous example, where D is the diffusion coefficient and µ 0 is the mobility of a Brownian particle, k B is the Boltzmann constant, and T is the temperature. In this example, D measures the fluctuation of the particle position or velocity v and µ 0 = lim F →0 v/F represents the response of the particle velocity to a small external force F .
For systems far from thermal equilibrium, any particular relation between D and µ 0 is expected, because we do not know general laws like the fluctuation-dissipation theorem for such systems. However, recent investigations 3-5 into certain one-dimensional systems in nonequilibrium steady states suggest that inequality D ≥ µk B T with µ = dv/dF being the differential mobility may hold in these systems: numerical data show that D is greater than µk B T for a Brownian particle moving in sinusoidal potentials, 3 for flushing ratchets 4 and for rocking ratchets. 5 Is there any rule that tells under what conditions inequality D ≥ µk B T holds? Finding such a rule, if exists, would provide an important insight into understanding the behavior of nonequilibrium systems.
The purpose of the present paper is to figure out whether inequality D ≥ µk B T holds generally in the system of a Brownian particle moving in a one-dimensional periodic potential subjected to a uniform external force. This system is one of the simplest systems that exhibit nonequilibrium steady states, and convenient formulas for calculating D and µ are known. 3, 6 From analytical and numerical investigations based on these formulas and the one we derive from the steady-state solution to the Fokker-Planck equation in the present work, we find that this inequality is likely to be valid for any symmetric potentials whereas it is violated for small external forces if the potential is asymmetric.
Formulas
We shall investigate the overdamped motion of a Brownian particle moving along the x axis under the influence of a periodic potential V (x) of period l and a uniform external force F . The total potential U (x) for the particle is given by
In what follows periodic functions I ± (x) = I ± (x + l) defined by
play important roles, where β = 1/k B T . The average of a periodic function f (x) of period l over the period will be denoted by f :
The "normalized" functions
which satisfy J ± = 1, are also of use.
It was shown by Stratonovich 7 that the average velocity v of the particle can be calculated by the formula 3, 8
where D 0 is the diffusion coefficient of a freely moving Brownian particle (V = F = 0) and it is related with the frictional coefficient ζ of the particle through D 0 = k B T /ζ. It is noted that
The differential mobility µ = dv/dF can be calculated by differentiating eq. (5) with respect to F . The result can be expressed in a succinct form: 6
The formula for D in the presence of both V (x) and F was derived recently by Reimann et
Note that J 2 + J − is equal to J + J 2 − . Reimann et al. 3 derived this formula by considering the moments of first passage time. Later, Hayashi and Sasa 6 obtained the same result by considering the system with an additional potential that varies much slowly than the original periodic potential V (x).
If the periodic potential V (x) and the external force F are given, the diffusion coefficient D and the differential mobility µ can be figured out by carrying out the two-dimensional integrals involved in eqs. (7) and (6); from the results we find whether or not D is larger than µk B T . Nevertheless, an alternative formula may be useful in studying the sign of D − µk B T .
From the steady-state solution to the Fokker-Planck equation we can derive (see the appendix) the formula
where periodic functions K ± (x) of period l are defined by
Because the sign of v is the same as that of F as evident from eq. (5), formula (8) indicates
is the same as that of F . In analytic investigations, evaluation of eq. (10) is usually much easier than calculating eqs. (6) and (7) and then subtracting one from the other. By contrast, it is better to use eqs. (6) and (7) in numerical calculations, because the evaluation of the three-dimensional integral involved in eq. (10) is time consuming.
Example
In this section we present the numerical results for the diffusion coefficient D and the differential mobility µ obtained from formulas (7) and (6), respectively, with a particular choice of potential:
where A > 0 and λ are parameters. This potential is symmetric if λ = 0 or λ = ∞, and asymmetric otherwise. The potential height W , defined as the difference between the maximum and minimum values of V , is given by
where c is defined by
Note that this potential has a single minimum and a single maximum in each period if 0 ≤ |λ| < 1/2, while it has an extra pair of local minimum and maximum if 1/2 < |λ| < ∞. For potentials with positive (negative) λ, we find that D < µk B T in a range 0 < F < F 0 (F 0 < F < 0) of F where the upper (lower) bound F 0 depends on λ, W and β. Figure 2 shows the dependence of βF 0 l on βW for several values of positive λ. One sees that βF 0 l is a monotonically increasing function of βW . If λ ≤ 1/2 (the solid lines in Fig. 2 ), the value of βF 0 l for a fixed βW decreases with decreasing λ and becomes zero as λ = 0 is approached.
By contrast, βF 0 l decreases with increasing λ when λ ≥ 1 (the dashed lines in Fig. 2 ). These behaviors may be summarized that as the potential becomes symmetric, the range of F in which inequality D < µk B T holds shrinks to zero.
Conjectures
We have calculated D and µ numerically for various periodic potentials V (x) in addition to the one described in the preceding section; some of the results will be presented in the following The results for different choices of parameter λ are shown.
section. We have also carried out analytic study on the sign of D − µk B T in several limiting cases, which will be discussed in the next section. From the results of these investigations, we have been lead to postulate the following conjectures.
(i) Inequality D ≥ µk B T holds for arbitrary symmetric potentials V .
(ii) Suppose that the potential is asymmetric and has a single minimum and a single maximum in each period. Let a be the distance from a minimum to the adjacent maximum on the right (see Fig. 3 ). Then, we have D < µk B T for 0 < F < F 0 (F 0 < F < 0) and D ≥ µk B T outside this interval of F if a > l/2 (a < l/2), where F 0 is a positive (negative) constant that depends on potential V (x) and temperature T .
Note that in the example considered in the preceding section distance a is given by
where c is defined by eq. (13), and hence condition a > l/2 corresponds to λ > 0. Therefore, the results shown in Fig. 1 are consistent with these conjectures.
Evidence
The conjectures stated in the preceding section are based on the analyses presented in this section. We first describe the analytical investigations, in several limiting cases, into the sing of D − µk B T using formula (8) . Then, considering the results of these investigations and supplementary numerical calculations, we will argue for the validity of the conjectures. peaks at its maxima and rounded valleys at its minima, while the one represented by the dashed line has cusps at its maxima. The location of a minimum is x 0 , and the the distance from this minimum to the adjacent maximum on the right is a. The potential height W is defined as the difference between the maximum and minimum values (V max and V min ) of V .
Small external force
The first limiting case we study is the case of small external force represented by condition β|F |l ≪ 1. In this case the factor s defined by eq. (10) may be expanded in powers of βF l as
In order to express the expansion coefficients s 0 , s 1 and so on concisely, we introduce periodic functions (of period l) ψ ± (x) and χ ± (x) by
and
It is not difficult to see that periodic functions I ± (x) defined by eq. (2) can be expressed as
Therefore, the normalized functions J ± (x) defined by eq. (4) are given by
from which the following expression for K ± (x) defined by eq. (9) is obtained:
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Substituting eqs. (19) and (20) into eq. (10), one finds
It is worth noting that coefficient s 1 cannot be negative:
where the equality holds only in the trivial case of a constant potential V . This property comes from the Schwarz inequality
and identity ψ ± = 1 resulting from the definition (16) of ψ ± ; the equality in eq. (24) holds if and only if χ ± is a constant (i.e., V is a constant).
By contrast, the leading term s 0 in expansion (15) can be positive or negative. However, in the case of symmetric potential, i.e., if there exists a constant α such that
holds for any x, we have s 0 = 0. The reason is the following: for such a symmetric potential, ψ ± (x) is symmetric and χ ∓ (x) is antisymmetric about x = α, hence we obtain ψ ± χ ∓ = 0 and χ ∓ = 0, which imply s 0 = 0. This fact and inequality (23) indicate that inequality D ≥ µk B T holds for any symmetric potentials as long as F is small, which supports conjecture (i) stated in the preceding section.
In the case of asymmetric potential, it is expected that s 0 = 0. Then, what property of V determines the sign of s 0 (i.e., the sign of D − µk B T for small F )? It seems difficult to answer this question for arbitrary potentials. However, if we restrict our attention to a certain class of potentials, we can, at least partly, answer the question. Let us consider a potential that has only one minimum and one maximum in a period, as shown in Fig. 3 . Let x 0 be the location of a minimum, a be the distance from a minimum to the adjacent maximum on the right, W be the potential height defined as the difference between the maximum and minimum values of V . The potential V may have a rounded peak at its maximum and a rounded valley at its minimum as shown by the solid line in Fig. 3 . It may have a cusp at its maximum (the dashed line in Fig. 3 ), or at its minimum, or at both. We shall analyze the sign of s 0 in the limiting cases of large potential height (βW ≫ 1) and small potential height (βW ≪ 1).
Let us consider the case of large potential height, βW ≫ 1. In order to make the analysis simple, we assume that the origin of the x axis is chosen in such a way that condition 0 < x 0 < x 0 + a < l is satisfied. In evaluating s 0 given by eq. (21), it is noted that function ψ + (x) has a sharp peak at x = x 0 + a and vanishes rapidly as one moves away from the peak. Therefore s 0 can be approximated by
7/16 since χ − (x) does not vary rapidly in the vicinity of x = x 0 + a as we shall see in a moment.
Function χ − (x) defined by eq. (17) is the sum of
and −x/l. Since the integrand ψ − (y) in eq. (26) is practically zero except a narrow region around the sharp peak at y = x 0 , function σ(x) behaves like a step function: as x is increased from zero to l, σ(x) increases rapidly from zero to unity around x = x 0 . Therefore, χ − (x) is well approximated by χ − (x) ≃ 1 − x/l near x = x 0 + a and it does not change rapidly in the vicinity of x = x 0 + a. We also find that χ − = 1/2 − x 0 /l if the small correction of order 1/βW is neglected. From these arguments and identity ψ + = 1 we obtain
This expression for s 0 reveals that the sign of s 0 is determined by whether the location of the top of the potential hill between a pair of neighboring valleys is closer to the left valley (a/l < 1/2) or the right one (a/l > 1/2), which supports conjecture (ii) in the preceding section.
Now we turn our attention to the case of small potential height, βW ≪ 1. It will be assumed that (an arbitrary constant is added to V such that) the maximum and minimum values of V are of order W . Then condition βW ≪ 1 implies |βV | ≪ 1. Expanding ψ ± (x) and χ ± (x) defined by eqs. (16) and (17) in powers of βV , and then substituting them into eq. (21), we obtain
where periodic function V(x) of period l is defined by
Unlike the case of βW ≫ 1, we have not been able to relate the sign of s 0 approximated by eq. (28) to that of l/2 − a for general asymmetric potentials. Here we investigate the sign of s 0 for three examples of potential V (x). The first example is the one considered in Sec. 3, see eq. (11). The second example is a piecewise-cubic function given by
where A and λ are parameters; V (x) outside the range |x| ≤ l/2 is defined such that it is a periodic function of period l. We shall assume that A > 0 and |λ| < 1/2. Then V (x) has a cusp at its maximum, as the one represented by the dashed line in Fig. 3 does. The distance a from a minimum to the adjacent maximum on the right is given by 
The third example is a piecewise-linear (sawtooth) potential
where W and a are positive parameters with restriction 0 < a < l; again, V (x) outside the range 0 ≤ x < l is defined such that it is a periodic function of period l. Parameter W represents the potential height, and parameter a corresponds to the distance from a minimum of V (x) and the adjacent maximum on the right.
For each example, the leading term of s 0 given in eq. (28) has been calculated. The results are summarized in Table I . In all the three examples the sign of s 0 is the same as that of l/2−a (remember that l/2 > a if λ < 0 in the first two examples). This observation is consistent with conjecture (ii).
It is interesting to note that s 0 is of higher order in βW than
in the case of small potential height. This fact implies that s change its sign at small βF l when the latter is varied. Let F 0 be the value of F at which s changes its sign, then one finds from eq. (15) that
which is of order βW . For the first example considered above, we obtain
This relation and eq. (12) explain the behavior of the graphs in Fig. 2 near the origin.
Large external force
If the external force F is large enough (β|F |l ≫ 1), the dominant contribution to the integral in eq. (2) defining I ± (x) comes from the narrow region near y = 0 (if F > 0) or y = l
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(if F < 0). Therefore, I ± (x) may be expanded as
if F > 0, where h ∓ (y) = e ∓βV (x∓y) , and h ′ ∓ (y) is the derivative of h ∓ (y). A similar expansion in the case of F < 0 can be made. Using these expansions, periodic functions I ± (x), J ± (x), and K ± (x) are expressed as the power series in 1/F . Substitution of J + (x) and K − (x) thus obtained into eq. (10) yields
where V ′ (x) is the derivative of potential V (x). This expression is valid both for F > 0 and for F < 0. The leading term of s given by eq. (38) has the same sign as that of F and hence inequality D > µk B T holds if |F | is large enough.
Small potential height
The last limiting case we study is the limit of small potential height; the strength of the external force F can be arbitrary. In this case we find it convenient to express the potential V (x) in the Fourier series as
In the integrand of eq. (2), factor e ∓βV (x∓y) is expanded in powers of βV (x ∓ y) and then eq. (39) is substituted to carry out the integral. Once I ± (x) are obtained in this way, it is straightforward to calculate J ± (x) and K ± (x). Substituting the resulting expressions for J + (x) and K − (x) into eq. (10), we have
The sign of the leading term in this expression for s is the same as that of F , and hence inequality D > µk B T holds if βW is small enough.
It is noted that in the limit of small βF l the leading term in eq. (40) approaches to
This expression agrees with the leading term of eq. (34) multiplied by βF l. This is expected from the consistency of the analysis. Similarly, the term of order (βV ) 3 in eq. (40) should converge to the first term of s 0 given in eq. (27) in the limit F → 0, which we have not checked. In the opposite limit, β|F |l ≫ 1, the leading term in eq. (40) converges to the leading term in eq. (38), because n k 2 n |V n | 2 = (V ′ ) 2 .
Symmetric potentials
Here, we consider the case of symmetric potential and argue for the validity of conjecture (i). In this case, s is an odd function of F (D − µk B T is an even function of F ), and therefore we need to examine the sign of s only for F ≥ 0. Remember that s > 0 is equivalent to D > µk B T when F > 0. It has been shown that
with s 1 > 0 for small βF l ( §5.1) and s ≃ 2 (V ′ ) 2 /βF 3 l for large βF l ( §5.2). Hence, it is concluded that inequality D ≥ µk B T holds (the equality holds when F = 0) in these two extremes. Furthermore, this inequality has been found to be valid in the entire range of F if the potential height is small compared to the temperature ( §5.3).
In order to assert the validity of conjecture (i), we have to demonstrate that s > 0 for intermediate values of βF l when βW is not small. For this purpose, numerical calculations of s = (D − µk B T )/vl are carried out using formula
obtained from (5), (6) and (7); as remarked earlier, this method of evaluating s is more convenient for numerical calculations than using formula (10) . Symmetric potentials V (x) of the following type are examined:
where N is a positive integer, c n are arbitrary coefficients, and the overall factor A is determined such that the potential height is W for given values of W and c 1 , c 2 , . . . , c N . Figure 4 shows the numerical results for a potential with an arbitrarily chosen set of coefficients {c n } in the case of N = 3. Here, s is plotted as a function of βF l for several values of βW . As F is increased from zero, s starts to increase linearly in F as eq. (42) predicts and it continues to increase until it reaches a maximum value, and then decreases monotonically.
Qualitatively the same behavior of s are observed for other potentials corresponding to different sets of {c n } with N = 3 or N = 5 (data not shown), which strongly suggests the validity of conjecture (i).
In Fig. 4 , the analytic results, the leading terms in eqs. (40) and (38), are also plotted. It is remarkable that the approximate expression (40), which is valid for small βW , agrees quite well with the numerical results for βW as large as βW ≃ 1. For βW larger than about unity, the dependence of s on F is well approximated by the leading term of eq. (38) if F is larger than a few to several times the maximum slope V ′ max = max x {V ′ (x)} of potential V (x); in the example shown in Fig. 4 , V ′ max ≃ 8.1W/l. In addition to the numerical analysis concerning the dependence of s on F , shown in W max is set to be 20k B T ; and for a given W , the external force F is chosen from a uniform random number in (0, F max (W )) where F max is set to be 2V ′ max . We have examined 1000 sets of {c n } and 300 sets of {W, F } for each set of {c n } in the case of N = 3, and 2000 sets of {c n } and 100 sets of {W, F } in the case of N = 5. In the data of these 5 × 10 5 samples we have not detected any instance in which s < 0.
All these analytical and numerical investigations firmly indicate that the statement of conjecture (i) should be true.
Asymmetric potentials
Now we discuss conjecture (ii) associated with asymmetric potentials. If the potential height is small (βW ≪ 1), the analyses of §5.1 and §5.3 show that inequality D > µk B T holds for almost entire range of F except a small interval of order W/l. This interval is given by 0 < F < F 0 or F 0 < F < 0 depending on the sign of F 0 given by eq. (36).
If the potential height is not small, we do not have enough evidence to support conjecture (ii). It is true that D − µk B T change its sign at F = 0 when F is varied ( §5.1) and that it is 12/16 positive for large enough |F | ( §5.2). Furthermore, it is shown ( §5.1) that in the case of large potential height (βW ≫ 1) we have D < µk B T for F > 0 (F < 0) if a > l/2 (a < l/2) and |F | is small. These results are consistent with conjecture (ii), but we are not certain, from the analytical study given above, whether there is only one interval on the F axis (as the conjecture states) where inequality D ≥ µk B T is not satisfied. The numerical investigation presented in §3 for potential given by eq. (11) and a similar one (data not shown) for the piecewise-linear potential (33) support the validity of conjecture (ii).
Conclusion
We have postulated two conjectures ( §4) concerning the diffusion coefficient and the differential mobility of a Brownian particle moving in a one-dimensional periodic potential under the influence of a uniform external force. We are quite certain about the validity of conjecture 
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Appendix: Derivation of eq. (8)
Our derivation of formula (8) is based on a prescription to calculate the diffusion coefficient from the solution to the Fokker-Planck equation. 4, 8, 9 Let P (x) be the probability distribution function of the particle in the steady state. It satisfies the Fokker-Planck equation
for the steady state. We assume that P (x) is periodic [P (x + l) = P (x)] and normalized such that l 0 P (x) dx = 1. Such a solution is found to be given by
The average velocity v can be calculated from P (x) as
where the right-hand side is obtained by interchanging the order of integral and by using the fact that U (x + y) − U (x) and q(x) are periodic functions of x. From this identity and eqs. (A·8) and (5) 
where the second equality is due to eqs. (A·7) and (6) . Substitution of eqs. (A·10) and (A·12) into eq. (A·9) gives eq. (8) .
The equivalence between formula (8) for the diffusion coefficient and the one, eq. (7), obtained by other authors can been shown as follows. Since it can be seen by integration by parts that (J + − 1)K + = 0, eq. (8) may be written as
Now, it is not difficult to see from the definitions of J ± (x) that
This relation and the definition (9) of K ± (x) lead to
Substituting this equation into eq. (8) and using formula (5) for v, we find
Here, the first and the third terms on the right-hand side cancel out due to eq. (6). Therefore eq. (A·16) is identical to formula (7) , and the equivalence between eqs. (8) and (7) has been proved.
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